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Overview
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• This presentation introduces a circuit simulation model that includes both inductive 
coupling and mutual resistance effects 

• Mutual inductance and mutual resistance concepts are reviewed 

• Because coupling and loss effects are largely determined by what happens outside of 
the core, this model works well even with nonlinear cores in cases where saturation is 
avoided

• Model parameters are extracted in the frequency domain, but the models also work 
well in the time domain

• Modeling approach particularly suited for cases not covered by Dowell’s method such 
as certain integrated magnetics and transformers with multiple output windings

• A flyback transformer is used as an example to illustrate the modeling approach
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Dowell’s Method Limitations

• Used to calculate the ac resistance of transformer windings
• Assumes infinite magnetizing inductance (equal and opposite amp-turns)

– not intended for low permeability or gapped cores (amp-turns unequal and possible fringing loss)

• Assumes one independent current variable (currents scaled by turns ratios)
– Interleaved windings are allowed if they are connected in series
– Multiple outputs with independent load currents not allowed
– Windings connected in parallel not allowed because the current sharing ratio is unknown

[1]
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Magnetic Coupling Review

• Two windings are coupled when some of the magnetic flux produced by currents 
flowing in either of the windings passes through both windings

• Only part of the flux produced by a current in one winding reaches other windings 

• Flux which doesn’t pass through both windings is called leakage flux

• Magnetic coupling can also be modeled in terms of self and mutual impedances



5

Self and Mutual Impedance Equations [2-5]

𝑣𝑣1 = 𝑍𝑍11𝑖𝑖1 + 𝑍𝑍12𝑖𝑖2

𝑣𝑣2 = 𝑍𝑍21𝑖𝑖1 + 𝑍𝑍22𝑖𝑖2𝑍𝑍12 = 𝑍𝑍21 = Mutual Impedance

𝑍𝑍11 = Winding 1 Self Impedance

𝑍𝑍22 = Winding 2 Self Impedance = 𝑅𝑅11 + 𝑗𝑗ω𝐿𝐿11 𝑖𝑖1 + 𝑅𝑅12 + 𝑗𝑗ω𝐿𝐿12 𝑖𝑖2

= 𝑅𝑅21 + 𝑗𝑗ω𝐿𝐿21 𝑖𝑖1 + 𝑅𝑅22 + 𝑗𝑗ω𝐿𝐿22 𝑖𝑖2𝑅𝑅12 = 𝑅𝑅21 = Mutual Resistance

𝐿𝐿12 = 𝐿𝐿21 = Mutual Inductance P = 1
2
𝑅𝑅1 𝐼𝐼1 𝐼𝐼1∗ + 1

2
𝑅𝑅2 𝐼𝐼2 𝐼𝐼2∗ + 1

2
𝑅𝑅12 𝐼𝐼1𝐼𝐼2∗ + 𝐼𝐼2𝐼𝐼1∗



Impedance Matrix Equation for N Windings

𝑣𝑣1
𝑣𝑣2
⋮
𝑣𝑣𝑁𝑁

=

𝑍𝑍11 𝑍𝑍12 ⋯ 𝑍𝑍1𝑁𝑁
𝑍𝑍21 𝑍𝑍22 ⋯ 𝑍𝑍2𝑁𝑁
⋮ ⋮ ⋱ ⋮

𝑍𝑍𝑁𝑁𝑁 𝑍𝑍𝑁𝑁𝑁 ⋯ 𝑍𝑍𝑁𝑁𝑁𝑁

𝑖𝑖1
𝑖𝑖2
⋮
𝑖𝑖𝑁𝑁

• A set of coupled windings can be modeled with a matrix equation that 
relates frequency-domain winding voltages and currents with an 
impedance matrix [6]

• The values of impedance matrix elements can be obtained through FEA 
simulations or extracted from measurements [7]

• The impedance matrix values vary with frequency
• Impedance matrices are symmetric

6



Example Flyback Transformer
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Maxwell 2D radial model for a core with a round center leg

All wires 0.28mm single insulation 155C. (A little smaller than 30 AWG)

Primary: 18 turns with 1st and last layers in parallel.

Secondaries:  36 turns each

3.5 mil tape between each layer

Core: B65807J0000R049 RM6 N49 with 8 mil spacer gap

Bobbin: B65808E1508T001



Self Inductances
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Self Resistances
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Mutual Inductances
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Mutual Resistances
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Definition of Leakage Impedance

• Leakage impedance is the impedance measured at one winding when another winding is 
shorted

• Leakage impedances are a function of self and mutual impedances as shown in the equation 
above [8]

• Consequently, leakage impedances are a property of a pair of windings and generally can’t be 
split up and assigned to individual windings when there are more than two windings

12

Winding m Winding n shorted

𝑍𝑍𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙_𝑚𝑚𝑚𝑚 𝑍𝑍𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙_𝑚𝑚𝑚𝑚 = 𝑍𝑍𝑚𝑚𝑚𝑚 −
𝑍𝑍𝑚𝑚𝑚𝑚

2

𝑍𝑍𝑛𝑛𝑛𝑛



Leakage Inductances
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Leakage Resistances
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Inductive Coupling Coefficients
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𝑘𝑘𝑚𝑚𝑚𝑚 =
𝐿𝐿𝑚𝑚𝑚𝑚

𝐿𝐿𝑚𝑚𝑚𝑚𝐿𝐿𝑛𝑛𝑛𝑛

−1 < 𝑘𝑘𝑚𝑚𝑚𝑚 < 1

• The coupling coefficient is negative when the mutual inductance is negative
• The inequality ensures that the total stored energy is always positive for two windings

– A more restrictive criterion is needed to ensure that the model is passive for more than two 
windings [9]



Resistive Coupling Coefficients
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𝑘𝑘𝑚𝑚𝑚𝑚
𝑅𝑅 =

𝑅𝑅𝑚𝑚𝑚𝑚

𝑅𝑅𝑚𝑚𝑚𝑚𝑅𝑅𝑛𝑛𝑛𝑛

−1 < 𝑘𝑘𝑚𝑚𝑚𝑚𝑅𝑅 < 1

• A coupling coefficient for mutual resistance kR can be defined as shown above [10]
• The coupling coefficient is negative when the mutual resistance is negative
• The inequality ensures that the total dissipated power is always positive for two windings



Effects of Mutual Resistance on Leakage Resistance
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• The leakage resistance (red) is less than the sum of the primary self-resistance R11 and the 
secondary self-resistance R22 (blue) reflected through the square of the 2:1 turns ratio

• There is a significant reduction of the ac resistance due to the mutual resistance between 
these adjacent windings.  The reduction in leakage resistance increases as the mutual 
resistance coupling increases.

N1 = 18 turns   N2 = 36 turns (18/36)2 = 1/4



Effects of Mutual Resistance on Leakage Resistance
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N1 = 18 turns   N4 = 18 turns (18/18)2 = 1

• The leakage resistance (red) is less than the sum of the first primary self-resistance R11 and 
the second primary self-resistance R44 (blue) reflected through the 1:1 turns ratio

• These coils are not adjacent, and the resulting lower mutual resistance produces less 
reduction of the leakage resistance compared to the adjacent windings in the previous slide



An Equivalent RL Circuit for a Four-Winding Transformer
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• Model is based on methods described in [11,12]
• The physical windings are represented by L1, L2, L3 and 

L4
• Each physical winding is accompanied by auxiliary 

windings shunted by resistors that model the ac losses
• The increasing the number of auxiliary windings increases 

the frequency range of the model (3-aux ~ 10 MHz)
• Each physical winding is coupled to each of the auxiliary 

windings
• Some of the couplings could be negative
• The auxiliary windings have the same inductance as their 

associated physical winding
• The parameter values were determined by a solver in 

Mathcad that attempts to match the performance of the 
model to the impedance matrix data imported from Maxwell



Model Coupling Coefficients
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• The couplings among the physical windings are high, but the auxiliary couplings are low
• A matrix of all the coupling coefficients used in the model can be used to check the stability of the model [9]
• All the eigenvalues of the coupling matrix must non-negative to ensure stability of the model
• The solver checks for stability and rejects unstable solutions
• The model is reduced-order because not all the couplings are included (the model in [11] includes all couplings)

Physical Windings



Self Resistances and Inductances
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Self Resistance and Inductance Capacitive Correction
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Measured Self Resistances and Inductances
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Mutual Inductances
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Mutual Resistances
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Measured Mutual Resistances
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Mutual Resistance Coupling
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Measured Mutual Resistance Coupling
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Leakage Resistances
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Measured Leakage Resistances
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Leakage Inductances
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Measured Leakage Inductances
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Self-Impedance SPICE Simulation
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SPICE Simulation Coefficients
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.param Lb1=4.8173e-05
+      Lb2=0.00019314
+      Lb3=0.00019413
+      Lb4=4.8866e-05

.param Rb1=0.16085
+      Rb2=0.37133
+      Rb3=0.43751
+      Rb4=0.24357

.param RA11=214.477000242723
+      RA12=1078.23438785406
+      RA13=3153.34644341078
+      RA21=10.0003791302968
+      RA22=800.237239579724
+      RA23=3723.2505164845
+      RA31=10.0000002850391
+      RA32=7440.89806762504
+      RA33=926.082362775296
+      RA41=197.327796422211
+      RA42=1922.75864618008
+      RA43=3665.3351185934

Kb1 Lb1 Lb2 0.992733257486516
Kb2 Lb1 Lb3 0.978958323544128
Kb3 Lb1 Lb4 0.965595167000665
Kb4 Lb2 Lb3 0.989545413197733
Kb5 Lb2 Lb4 0.97578712777856
Kb6 Lb3 Lb4 0.990267462123355

KA37 Lb4 LA11 0.0359493819071467
KA38 Lb4 LA12 -0.0406355407652597
KA39 Lb4 LA13 0.0498600292082448
KA40 Lb4 LA21 0.00393149024432926
KA41 Lb4 LA22 -0.053686675122871
KA42 Lb4 LA23 0.0446681246282003
KA43 Lb4 LA31 -0.00398923836564386
KA44 Lb4 LA32 0.0122518176078736
KA45 Lb4 LA33 0.113953439082557
KA46 Lb4 LA41 -0.0853000223863285
KA47 Lb4 LA42 -0.0127712425146223
KA48 Lb4 LA43 -0.0389706529288161

KA25 Lb3 LA11 -0.00768339767348674
KA26 Lb3 LA12 -0.0233311876377677
KA27 Lb3 LA13 0.0561186095462765
KA28 Lb3 LA21 7.62296324484378e-06
KA29 Lb3 LA22 -0.104832387384644
KA30 Lb3 LA23 0.0506879381466831
KA31 Lb3 LA31 6.89115880441456e-05
KA32 Lb3 LA32 -0.0126555429012229
KA33 Lb3 LA33 0.100990733073922
KA34 Lb3 LA41 -0.0360973111986138
KA35 Lb3 LA42 0.0159802924138386
KA36 Lb3 LA43 -0.0224957473705719

KA1 Lb1 LA11 -0.0137757577083034
KA2 Lb1 LA12 0.0184610465000532
KA3 Lb1 LA13 0.0548788316453706
KA4 Lb1 LA21 -1.78265673599189e-05
KA5 Lb1 LA22 -0.03279507843416
KA6 Lb1 LA23 0.0503915480124927
KA7 Lb1 LA31 -3.81850864845691e-05
KA8 Lb1 LA32 -0.00888751301516053
KA9 Lb1 LA33 0.113575451415644
KA10 Lb1 LA41 0.0703176762030998
KA11 Lb1 LA42 -0.0143279583913815
KA12 Lb1 LA43 0.0189253612366771

KA13 Lb2 LA11 0.023102102136462
KA14 Lb2 LA12 0.00590232657445108
KA15 Lb2 LA13 0.0586823267782564
KA16 Lb2 LA21 0.00281902201120364
KA17 Lb2 LA22 -0.0893927392593592
KA18 Lb2 LA23 0.0535429906201036
KA19 Lb2 LA31 0.00277319991973146
KA20 Lb2 LA32 0.010232967809785
KA21 Lb2 LA33 0.0992443283801928
KA22 Lb2 LA41 0.0470846779795087
KA23 Lb2 LA42 0.0144762498958276
KA24 Lb2 LA43 0.00664829250596309



Self-Impedance SPICE Simulation
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Leakage-Impedance SPICE Simulation
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Leakage-Impedance Simulation
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Flyback Converter
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DC159A Demo Board with new transformer and low-ESR output capacitors



Flyback Converter
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12V used for testing



Flyback Simulation
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Flyback Full-Load Simulations
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FEA-Based Model Measurement-Based Model



Flyback Operation Oscilloscope Waveforms
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Measured Peak Switch Voltage: 24.2V

Simulated Peak Switch Voltage: 24.5V

A more complicated model for the output 
capacitors is required for the simulation to 
match the output ripple voltage waveforms.



Simulation and Measured Test Results
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The feedback resistor R1 was adjusted so that the full-load Vpos matched the 
measured value.  Simulations were then run under various load conditions to see 
how well the simulations tracked the measured data.



Leakage Inductance Variation with Pulse Width
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A voltage pulse is applied to the primary windings while the output windings are 
shorted in order to show how the apparent leakage inductance varies with time.

𝑉𝑉 = 𝐿𝐿
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝐿𝐿 =
𝑉𝑉
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑



Leakage Inductance Variation with Pulse Width
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The apparent leakage inductance increases with time during an applied voltage pulse.

𝐿𝐿 =
𝑉𝑉
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑



Conclusions

46

• This mutual impedance circuit model can be made to match FEA results very closely

• The mutual impedance circuit model matches measured data fairly well, but the range of 
frequencies where accurate results can be obtained are more limited

• The SPICE circuit models produced from FEA  simulations and LCR measurements give 
very similar results

• The SPICE circuit model accurately predicts the dc measurements

• Example files can be found at http://www.verimod.com/resources.html
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